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ABSTRACT
The combination of detections of anisotropy in the Cosmic Microwave
Background radiation and observations of the large-scale distribution of galaxies
probes the primordial density fluctuations of the universe on spatial scales
varying by three orders of magnitude. These data are found to be inconsistent
with the predictions of several popular cosmological models. Agreement
between the data and the Cold + Hot Dark Matter model, however, suggests
that a significant fraction of the matter in the universe may consist of massive
neutrinos.
1. Introduction
Shortly after the Big Bang, the universe was smooth to a precision of one part in
105. We measure this smoothness in the cosmic microwave background (CMB) radiation,
the photons which provide us with a record of conditions in the early universe because
they were last scattered about 300,000 years after the Big Bang. To remarkable precision,
the early universe was characterized by isotropic, homogeneous expansion. However,
temperature fluctuations are measured in the CMB (1), and complex structure surrounds
us. There is a simple connection; the seeds of large-scale structure were infinitesimal
density perturbations that grew via gravitational instability into massive structures such
as galaxies and galaxy clusters.
One can search for the primordial seeds of large-scale structure by two complementary
techniques. The cosmic microwave background fluctuations probe the density fluctuations
in the early universe on comoving scales greater than ∼ 100 Mpc. The gravity field of these
density fluctuations also generates fluctuations in the luminous galaxy distribution, as well
as deviations from the Hubble flow of universal expansion known as peculiar velocities.
Optical redshift surveys of galaxies now examine a range of scales out to ∼ 100 Mpc that
overlaps with the range probed by fluctuations in the cosmic microwave background.
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The expected rate of growth of density fluctuations depends on the precise cosmology
that is adopted (2). One can therefore use the comparison between microwave background
anisotropy and fluctuations in the galaxy distribution to discriminate among rival
cosmological models. Scott, Silk, and White (3) illustrated this comparison. Several
similar analyses (4-7) have been presented but have used only a portion of the compilation
of observations that we present.
2. Structure Formation Models
We examined ten models of structure formation (Table 1), which represent the
range of cosmological parameters currently considered viable (8). Each model gives
transfer functions that predict how a primordial power spectrum of infinitesimal density
perturbations in the early universe develops into CMB anisotropies and inhomogeneities
in the galaxy distribution. A cosmological model whose predictions agree with both
types of observations provides a consistent picture of structure formation on scales
ranging from galaxy clusters to the present horizon size. The cosmological parameter
Ω = Ωm + ΩΛ gives the ratio of the energy density of the universe to the critical density
necessary to stop its expansion. Critical density is ρc = 3H
2
0/8πG for a Hubble constant
of H0 = 100h km/s/Mpc. The portion of this critical energy density contained in matter
is Ωm = Ωc +Ων + Ωb, the sum of the contributions from Cold Dark Matter (CDM), Hot
Dark Matter (HDM) in the form of massive neutrinos, and baryonic matter. ΩΛ = Λ/3H
2
0
is the fraction of the critical energy density contained in a smoothly distributed vacuum
energy referred to as a cosmological constant, Λ. The age of the universe in each model is
determined by the values of h,Ωm, and ΩΛ; a critical matter density universe has an age
of 6.5h−1Gyr (9).
Each model has a primordial power spectrum of density perturbations given by
Pp(k) = Ak
n where A is the square of a free normalization parameter and n is the scalar
spectral index (10). Scale-invariance (11) corresponds to n = 1 for adiabatic (constant
entropy) and n = −3 for isocurvature (constant potential) initial density perturbations.
Instead of normalizing to the COBE result alone (12), we found the best-fit normalization
of each model (Table 2) using the entire data compilation. Our rationale is that COBE is
just one subset of the available data, albeit with small error bars, and is in fact the data
most likely to be affected by a possible contribution of gravitational waves to microwave
background anisotropies. These gravitational waves from inflation would have a significant
impact only on large angular scales and are not traced by the large-scale structure
observations. Normalizing to all of the data made our results less sensitive to the possible
contribution of gravitational waves.
The first seven models (Table 1) are based on the Standard Cold Dark Matter
(SCDM) model (13) and assume that the initial density perturbations in the universe were
adiabatic, as is predicted by the inflationary universe paradigm. The Tilted CDM (TCDM)
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and Cold + Hot Dark Matter (CHDM) models are both motivated by changing the shape
of the SCDM matter power spectrum to eliminate its problem of excess power on small
scales relative to large scales (14). The CHDM model has one family of massive neutrinos
which contributes 20% of the critical density (15). For the cosmological constant (ΛCDM)
and open universe (OCDM) models, Ωm = 0.5, h = 0.6 guarantees roughly the right shape
of the matter power spectrum (5). We have optimized some parameters of these models: n
and Ωb for TCDM, Ων ,Ωb, n, and the number of massive neutrino families for CHDM, and
Ωm,Ωb, h and n for OCDM and ΛCDM (16). The φCDM model (17) contains a vacuum
energy contribution from a late-time scalar field with Ωφ = 0.08. This energy behaves
like matter today, but during matter-radiation equality and recombination it alters the
shape of the matter and radiation power spectra from the otherwise similar SCDM model.
The Baryonic + Cold Dark Matter (BCDM) model (18) contains nearly equal amounts
of baryonic matter (Ωb = 0.04) and CDM (Ωc = 0.08). Its parameters have been tuned
to produce a peak due to baryonic acoustic oscillations in the matter power spectrum at
k = 0.05hMpc−1, where a similar peak is seen in the 3-dimensional power spectrum of rich
Abell clusters (19) and the 2-dimensional power spectrum of the Las Campanas Redshift
Survey (20).
The Isocurvature Cold Dark Matter (ICDM) model (21, 22) has a non-Gaussian (χ2)
distribution of isocurvature density perturbations produced by a massive scalar field frozen
during inflation. This causes early structure formation, in agreement with observations of
galaxies at high redshift and the Lyman α forest (23). The Primordial Black Hole Baryonic
Dark Matter (PBH BDM) model (24) has isocurvature perturbations but no CDM. The
primordial black holes form from baryons at high density regions in the early universe and
thereafter behave like CDM. Only a tenth of the critical energy density remains outside
the black holes to participate in nucleosynthesis. These black holes have the appropriate
mass (M ∼ 1M⊙) to be the Massive Compact Halo Objects (MACHOS) which have been
detected in our Galaxy (25). Albrecht, Battye and Robinson found that critical matter
density topological defect models fail to agree with structure formation observations (26).
In the Strings+Λ model (27) that we examined, the nonzero cosmological constant causes
a deviation from scaling and makes cosmic strings a viable model.
We used the CMBfast code (28) to calculate the predicted radiation and matter power
spectra for the SCDM, TCDM, CHDM, OCDM, ΛCDM, and BCDM models.
3. Constraints on Cosmological Parameters
The models we consider are all consistent with the constraints on the baryon density
from Big Bang nucleosynthesis, 0.012 < Ωbh
2 < 0.026, allowed by recent observations of
primordial deuterium abundance (29). A Hubble constant of 65 ± 15 encompasses the
range of systematic variations between different observational approaches (30). The age
“crisis” has abated with recent recalibration by Hipparcos of the distance to the oldest
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Galactic globular clusters leading to a new estimate of their age of 11.5± 1.3 Gyr (31). All
of our models have an age of at least 13 Gyrs except OCDM (12 Gyrs). Other constraints,
however, appear to limit the viability of our models. Observations of high-redshift damped
Lyman α systems are a concern for the CHDM and TCDM models, which have little
power at small scales (32). Bartelmann et al. (33) used numerical simulations to compare
the observed abundance of arcs from strong lensing by galaxy clusters with the predictions
of various models and conclude that only OCDM works, and they found that critical
density models seriously underpredict the number of arcs. Further support for low-Ωm
models comes from the cluster baryon fraction of Ωm/Ωb ≤ 23h3/2 (34). This favors the
ratio of total matter to baryons in the low matter density models considered here and is
inconsistent with SCDM and φCDM. Observations of Type Ia supernovae at high redshift
are progressing rapidly, and preliminary results argue in favor of a positive cosmological
constant and strongly disfavor Ωm = 1 (35). The amount of vacuum energy is constrained
to be ΩΛ ≤ 0.7 by QSO lensing surveys (36). It is interesting that direct observations
of cosmological parameters favor the low Ωm models, but we found that the current
discriminatory power of observations of structure formation outweighs that of direct
parameter observations.
4. Comparison with Observations
Since the COBE DMR detection of CMB anisotropy (1), there have been over
twenty-five additional measurements of anisotropy on angular scales ranging from 7◦ to
0.◦3. The models predict that the spherical harmonic decomposition of the pattern of CMB
temperature fluctuations on the sky will have Gaussian distributed coefficients aℓm with
zero mean and variance Cℓ. Each observation has a window function Wℓ which makes the
total power measured sensitive to a range of angular scales given by θ ≃ 180◦/ℓ:
(
∆T
T
)2
rms
=
1
4π
∑
ℓ
(2ℓ+ 1)CℓWℓ =
1
2
(dT/TCMB)
2
∑
ℓ
2ℓ+ 1
ℓ(ℓ+ 1)
Wℓ, (1)
where COBE found dT = 27.9 ± 2.5µK and TCMB = 2.73K (37). This allows the
observations of broad-band power to be reported as observations of dT , and knowing the
window function of an instrument one can turn the predicted Cℓ spectrum of a model into
the corresponding prediction for dT at that angular scale (Fig. 1).
We translated these observations of the radiation power spectrum into estimates of the
matter power spectrum on the same scales (38). The matter power spectrum is determined
by the matter transfer function T (k) and primordial power spectrum Pp(k) of each model,
with P (k) = T 2(k)Pp(k). The matter transfer function describes the processing of initial
density perturbations from the Big Bang during the era of radiation domination; the earlier
a spatial scale came within the horizon, the more its power was dissipated by radiation
(and in the CHDM model, by relativistic neutrinos as well). If the baryon fraction is
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large, the same acoustic oscillations of the photon-baryon fluid that give rise to peaks in
the radiation power spectrum are visible in the matter power spectrum; otherwise, the
baryons fall into the potential wells of the dark matter. Once matter domination and
recombination arrive, P (k) maintains its shape and grows as (1 + z)−2. Thus, determining
P (k) today allows us to extract the power spectrum of primordial density fluctuations that
existed when the universe was over a thousand times smaller.
Our compilation of observations of fluctuations in the large-scale distribution of
galaxies and galaxy clusters (Fig. 2A) includes the determination of σ8, the rms density
variation in spheres of radius 8h−1 Mpc, based on the abundance of rich galaxy clusters
(39). Another measurement of σ8 is based upon the evolution of the abundance of rich
clusters from redshift 0.5 until now (40). The predicted value of σ8 is given by an integral
over the matter power spectrum using a spherical top-hat window function (41)
σ2R =
1
2π2
∫
dkk2P (k)
9
(kR)6
(sin kR− kR cos kR)2, (2)
which allows observations of σ8 to determine the amplitude of P (k) on scales
k ≃ 0.2hMpc−1. Another measurement of the amplitude of the power spectrum comes
from observations of galaxy peculiar velocities (42).
Our data compilation includes power spectra from four redshift surveys, the Las
Campanas Redshift Survey (LCRS), the combined IRAS 1.2 Jy and QDOT samples,
the combined SSRS2+CfA2 survey, and a cluster sample selected from the APM Galaxy
Survey (43). We also use the power spectrum resulting from the Lucy inversion of the
angular correlation function of the APM galaxy catalog (44, 45). The APM galaxy power
spectrum is measured in real space, whereas the others are given in redshift space. Each of
these power spectra can be scaled by the square of an adjustable bias parameter, which is
expected to be near unity for the galaxy surveys (46).
Following the methods of Peacock and Dodds (41), we performed model-dependent
corrections for redshift distortions for each galaxy power spectrum (47, 48) and divided by
the square of a trial value of the bias factor. We then corrected for non-linear evolution
(49) to produce estimates of the unbiased linear power spectrum from these galaxy surveys.
Comparison with the predicted linear P (k) determined the best-fit bias parameter of each
survey for each model (Table 2). We compared the corrected large-scale structure data, the
CMB anisotropy observations and the predicted matter and radiation power spectra and
calculated the χ2 value for each model (Table 3). Only points observed at k ≤ 0.2hMpc−1
were used in selecting best-fit bias factors and normalizations and in calculating χ2
(50). On smaller scales, the linearization process yielded qualitative information despite
systematic uncertainties.
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5. Discussion
The current large-scale structure observations agree well with each other in terms
of the shape of the uncorrected matter power spectrum (Fig. 2A). The APM clusters
are biased compared to galaxies by about a factor of 3 and their power spectrum has a
narrower peak and a possible small-scale feature. There is no clear evidence, however, for
scale-dependence in the bias of the various galaxy surveys on linear scales. The observed
galaxy power spectra are smooth, showing no statistically significant oscillations. A peak
in the matter power spectrum appears near k = 0.03hMpc−1, which constrains Ωmh
by identifying the epoch of matter-radiation equality (44). The large-scale structure
observations contain too much information to be summarized by a single shape parameter;
no value of the traditional CDM shape parameter (51) can simultaneously match the
location of this peak and its width.
We find a poor fit for SCDM (Fig. 2B) due to the difference in shape between the
theory curve and the data. The best-fit normalization is only 0.91 that of COBE, as the
model would otherwise overpredict the σ8 measurements by an even greater amount. The
fit to the CMB is poor, because the Saskatoon (SK) observations (52) would prefer more
power. The fit of the data to the TCDM model (Fig. 2C) is better, although the peak of
the matter power spectrum is still broader than that found in the data. Agreement with
the CMB is harmed by the high normalization versus COBE and the tilt on medium scales.
The best-fit model is CHDM (Fig. 2D). The agreement with the location and shape
of the peak of the matter power spectrum is remarkable, with the exception of the APM
cluster power spectrum. The agreement with CMB anisotropy detections is excellent. The
matter power spectrum of CHDM matches the linearized APM galaxy power spectrum
down to non-linear scales, making this model a good explanation of structure formation
far beyond the scales used for our statistical analysis (53).
For the OCDM model (Fig. 3A), Ωm = 0.5 is favored by the shape of P (k) and the
SK and CAT (54) CMB anisotropy detections and generates agreement between the two
observations of σ8. However, the location of the peak of P (k) appears wrong. This model
is our second-best fit but is statistically much worse than CHDM. The ΛCDM model (Fig.
3B) is nearly as successful as OCDM. It is a slightly better fit to the CMB but is worse in
comparison to large-scale structure. The observations of σ8 are again in agreement, but
the shape of the matter power spectrum does not compare well with that of the APM
galaxy survey.
The φCDM model is too broad at the peak and misses a number of APM galaxy
datapoints (Fig. 3C), although its agreement with the other datasets is rather good.
It remains to be seen whether other variations of scalar field models can match the
observations better. The BCDM model (Fig. 3D) does not fit the data. Choosing
parameters to place an acoustic oscillation peak near k = 0.05hMpc−1 has generated
the wrong shape for P (k), even though the APM galaxies and clusters seem to fit the
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first and second oscillations, respectively (55). The main peak of P (k) is in the wrong
place; no model with similar oscillations and a baryon content consistent with Big Bang
Nucleosynthesis can fix that problem (18).
For the Isocurvature CDM model (Fig. 4A), the fit to the CMB is poor, due to the
rise of Cℓ on COBE scales, too much power in the first peak near ℓ = 100 and too little
power compared to SK. The fit to large-scale structure is mediocre. The PBH BDM model
has similar problems compared to the CMB, but the peak location and shape of the matter
power spectrum are better (Fig. 4B). The Strings+Λ model (Fig. 4C) underestimates the
amplitude of the bias-independent measurements and therefore requires a large bias for all
types of galaxies, which is difficult to justify.
6. Conclusions
The rough agreement of the Cosmic Microwave Background anisotropy and Large-
Scale Structure observations over a wide range of models suggests that the gravitational
instability paradigm of cosmological structure formation is correct. The current set of
CMB anisotropy detections may be a poor discriminator among adiabatic models, but it
strongly prefers them to non-adiabatic models. Several models (SCDM, TCDM, BCDM,
and Strings+Λ) have a best-fit normalization significantly different from their COBE
normalization and would have been unfairly penalized if normalized to COBE alone.
The Strings+Λ model already includes a tensor contribution, but SCDM and BCDM
would benefit from adding a gravitational wave component that brought them into better
agreement with COBE without changing the amplitude of their scalar perturbations.
Adding gravitational waves is not, however, a panacea for those models. In general, the
models which are the best fits to the shape of the matter power spectrum prefer to be
close to their COBE normalization, which argues against there being a significant tensor
contribution to large-angle CMB anisotropies.
Large-scale structure data have more discriminatory power at present than do
the CMB anisotropy detections. The average ratio of best-fit biases (Table 2) is
bclus : bcfa : blcrs : bapm : biras = 3.2 : 1.3 : 1.2 : 1.3 : 1 (56). Most models allow optical
galaxies to be nearly unbiased tracers of the dark matter distribution. The large-scale
structure data are smooth enough to set a limit on the baryon fraction, Ωb/Ωm; when that
fraction gets higher than 0.1 the fit worsens (57).
By restricting our analysis to the linear regime and correcting for the mildly
scale-dependent effects of redshift distortions and non-linear evolution on those scales,
we made it possible to test models quantitatively. The most likely cosmology is Cold
+ Hot Dark Matter, which is the only model allowed at the 95% confidence level. The
disagreement between the data and the predictions of the other models is sufficient to
rule out all of them at above 99% confidence unless there are severe systematic problems
in the data (58). CHDM itself is not statistically very likely because of the APM cluster
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survey P (k), which no model fits much better, and which disagrees somewhat with the
galaxy power spectra. Dropping the APM cluster P (k) would give CHDM a χ2 of 66/62,
which is within the 68% confidence interval. It is worth investigating whether the APM
cluster power spectrum contains a scale-dependent bias or if its errors have somehow been
underestimated.
We have extracted the spectrum of primordial density fluctuations from the data
and found that it agrees well with that of the Cold + Hot Dark Matter model. This
does not provide direct evidence for the existence of HDM, which requires experimental
confirmation of neutrino mass. The CHDM model has other observational hurdles to
overcome, including evidence for early galaxy formation on small scales where this model
has little power, although it is impressive that CHDM agrees with the linearized APM
data out to k = 1hMpc−1. If the rapidly improving Type Ia Supernovae observations
follow current trends there may be enough statistical power in the direct observations of
cosmological parameters to make OCDM and ΛCDM preferred to CHDM, although in
that case none of these models would be a satisfactory fit to both the supernovae and
structure formation observations.
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Table 1: Cosmological parameters of our models. Parameters marked with a ∗ were optimized (59).
Model Ω ΩΛ Ωm Ωc Ων Ωb h n Age (Gyr)
SCDM 1.0 0 1.0 0.95 0 0.05 0.5 1.0 13
TCDM 1.0 0 1.0 0.90 0 0.10∗ 0.5 0.8∗ 13
CHDM 1.0 0 1.0 0.70 0.2∗ 0.10∗ 0.5 1.0∗ 13
OCDM 0.5 0 0.5∗ 0.45 0 0.05∗ 0.6∗ 1.0∗ 12
ΛCDM 1.0 0.5 0.5∗ 0.45 0 0.05∗ 0.6∗ 1.0∗ 14
φCDM 1.0 0 0.92 0.87 0 0.05 0.5 1.0 13
BCDM 1.0 0.88 0.12 0.08 0 0.04 0.8 1.6 15
ICDM 1.0 0.8 0.2 0.17 0 0.03 0.7 -1.8 15
PBH BDM 1.0 0.6 0.4 0 0 0.10 0.7 -2.0 13
Strings+Λ 1.0 0.7 0.3 0.25 0 0.05 0.5 ∼ 1 19
Table 2: Best-fit normalizations and biases. The normalization of each model is given by σ8 or the
value of dT at ℓ = 10, which can be compared to the COBE normalization of dT = 27.9µK.
Model dT10 (µK) σ8 bclus bcfa blcrs bapm biras
SCDM 25.4 1.08 2.12 0.83 0.72 0.89 0.57
TCDM 31.2 0.79 2.73 1.13 1.01 1.18 0.83
CHDM 27.1 0.75 2.52 1.11 1.01 1.13 0.78
OCDM 29.0 0.77 2.67 1.25 1.11 1.10 0.93
ΛCDM 26.8 1.00 2.14 0.91 0.82 0.87 0.68
φCDM 27.6 0.74 3.12 1.35 1.20 1.31 0.98
BCDM 24.8 1.76 1.30 0.48 0.40 0.41 0.37
ICDM 28.2 0.83 2.95 1.25 1.12 1.02 0.97
PBH BDM 29.9 0.78 2.74 1.21 1.09 1.10 0.92
Strings+Λ 21.2 0.32 6.95 3.10 2.86 2.62 2.48
Table 3: Chi-squared values for our models, computed from data at k ≤ 0.2hMpc−1 (60). P is the
probability of getting χ2 greater than or equal to the observed value if a model is correct.
Model χ2CMB χ
2
σ8 χ
2
clus χ
2
cfa χ
2
lcrs χ
2
apm χ
2
iras χ
2
total χ
2/d.o.f. P
d.o.f. 34 3 8 2 5 9 9 70
SCDM 46 36 37 0.2 8 121 18 266 3.8 < 10−7
TCDM 51 5 27 0.4 6 49 11 148 2.1 1.8× 10−7
CHDM 30 4 20 3 9 10 11 86 1.2 0.09
OCDM 36 2 24 2 11 42 12 128 1.8 2.9× 10−5
ΛCDM 30 3 26 2 12 46 13 132 1.9 1.1× 10−5
φCDM 32 4 30 0.1 5 71 12 155 2.2 < 10−7
BCDM 32 38 33 1 125 225 56 511 7.3 < 10−7
ICDM 61 3 17 2 21 50 16 170 2.5 < 10−7
PBH BDM 65 4 22 2 9 30 11 142 2.0 8.3× 10−7
Strings+Λ 64 37 20 0.3 8 43 10 182 2.6 < 10−7
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Fig. 1.— Compilation of CMB anisotropy results with horizontal error bars showing the full
width at half maximum of each instrument’s window function and vertical error bars showing
the 68% confidence interval (61). The detections shown here are COBE, FIRS, Tenerife,
South Pole, BAM, ARGO, Python, MAX, MSAM, SK, and CAT (62). Predictions for
the models with their best-fit normalizations are plotted as dTℓ = (ℓ(ℓ+ 1)Cℓ/2π)
1/2TCMB
for SCDM (solid black), TCDM (dashed black), CHDM (solid red), OCDM (dashed blue),
ΛCDM (solid blue), φCDM (dotted black), BCDM (dotted blue), ICDM (dashed magenta),
PBH BDM (solid magenta), and Strings+Λ (dotted magenta). The ICDM, PBH BDM, and
Strings+Λ models disagree with the slope implied by COBE, SP, and BAM, which prefers
the adiabatic models. SK favors a high acoustic peak near ℓ = 250 and has small error bars,
making it a challenge for most models.
Fig. 2.— A. Compilation of large-scale structure observations with P (k) for SCDM (solid
curve) shown for reference. No corrections for bias, redshift distortions, or non-linear
evolution have been made. k is the wave number in comoving units of hMpc−1. The
black and blue boxes are measurements of σ8 from the present-day number abundance of
rich clusters and its evolution, respectively (39, 40), and the black point with error bars is
from peculiar velocities (42). Ωm = 1 is assumed (63). Uncorrected power spectra are shown
for the APM galaxy survey (blue triangles), Las Campanas (red squares), IRAS (filled pink
circles), APM clusters (orange circles), and SSRS2+CfA2 (green crosses) (44, 43). B. The
SCDM model with its best-fit normalization compared to the large-scale structure data
with its best-fit biases after model-dependent corrections for redshift distortions and non-
linear evolution (64). Beyond k = 0.2hMpc−1, the predicted matter power spectrum curve
is dotted to indicate uncertainty in the data corrections. We plot each CMB anisotropy
detection as a box, where the width of the box represents the range of k to which that
experiment is most sensitive, and the height of the box shows the 68% confidence interval
(65). C. The TCDM model. D. CHDM, our best-fit model. Note agreement even on
non-linear scales.
Fig. 3.— A. OCDM, with scale-invariance of potential perturbations causing an increase
in the matter power spectrum beyond the curvature scale. B. The ΛCDM model. C. The
φCDM model. D. The BCDM model.
Fig. 4.— A. The ICDM model (66). B. The PBH BDM model. C. The Strings+Λ model
(67). D. A simulation of high-precision future observations of CMB anisotropy by the MAP
(red boxes) and Planck Surveyor (blue boxes) satellites. Green error bars show accuracy of
the Sloan Digital Sky Survey and magenta are for the 2 Degree Field Survey. The simulated
data are indistinguishable from the underlying model (CHDM) for a wide range of k (68).
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